In this paper we propose a model for a proper kinetic description of the Auger effect as a generation/recombination mechanism for electrons and holes in a bipolar device. Boltzmann-type equations for the two-species population in a phonon background are presented, and equilibria and their stability are investigated. Particles and quasiparticles are allowed to obey generalized statistics, in order to possibly include nonstandard or nonextensive effects. The macroscopic recombination/ generation rate is recovered as hydrodynamic limit.
I. INTRODUCTION
Analytical and numerical investigation of Boltzmann-type equations in semiconductors is a subject of growing interest in the scientific literature ͑see, for instance, Refs. 1 and 2͒. On the other hand, it is well known that emission/absorption phenomena must be taken into account in the interaction of electrons and positively charged carriers ͑holes͒ with phonons in bipolar devices. 3, 4 Another important effect to be accounted for, essential in driving the process, is generation/ recombination of a pair electron-hole, which may occur in several ways. 5 On the other hand, as pointed out by Koponen, fractal or inverse power law distributions are of interest in modelling various meaningful situations in solid state physics. An example, treated in Ref. 6 , is the thermalization of a nonequilibrium electron-phonon system. Until recently, however, there has been little guidance on how to generalize the kinetic theory of electrons and phonons obeying non-Gibbsian statistics. An attempt in this direction has been performed in Refs. 7 and 8, where the kinetic theory of electrons and phonons has been generalized in the sense that electrons and phonons do not obey necessarily Fermi-Dirac and Bose-Einstein, respectively, but also other, generalized, statistics are allowed to them. The case of electrons and holes interacting with a phonon background has been treated in a generalized way and the band-trap capture and emission has been included in the model. 9 Another important generation/recombination mechanism, that cannot be neglected when both the electron and hole densities are not too small, is the Auger effect. 5 This is what is dealt with in this paper, which moves in the frame of the mathematical methods of kinetic theory, 10 and follows the lines of Ref. 9 , so that proofs that are only slight modifications of those given there will be skipped. In our opinion, in fact, a kinetic approach is needed in order to investigate rigorously the whole process and to possibly deduce, in some continuum limit, the macroscopic implications of practical relevance. In the present work ͑necessarily confined to a formal level, at this stage͒ we introduce Boltzmann-type equations for interacting populations of electrons ͑distribution function f e ͒ and holes ͑distribution function f h ͒ in a phonon background in local thermodynamical equi-librium, and include specific three-body collision terms for the Auger recombination/generation. Collision integrals are represented in terms of suitable transition probabilities, and the investigation, based on their structure and general properties only, leads to the determination of collision invariants and collision equilibria, and to the proof of an H theorem. 10 Hydrodynamic limit is studied by a preliminary asymptotic procedure with respect to the proper Knudsen numbers.
The Auger effect consists of two different processes and their inverse. ͑a͒ Electron capture, an electron fills a hole. Its energy is transferred to another electron, and vice versa, e + e + h e , where means "more energetic."
͑b͒ Hole capture, a hole is filled by an electron. Its energy is transferred to another hole, and vice versa,
The governing equations for the two interacting species in the phonon background are presented in Sec. II under general statistics. Mathematical results on equilibrium and stability are given in Sec. III in terms of an appropriate Lyapunov functional. Finally, in Sec. IV, a very simple zero-order singular perturbation approach is employed for deriving, as hydrodynamic limit in the low density approximation, the macroscopic recombination/generation rate, recovering well-known classical results available in the literature. 
II. KINETIC EQUATIONS
Consider two populations, conduction band ͑CB͒ electrons ͓quasi-momentum ͑QM͒ p, energy ⑀ e ͑p͔͒ and holes ͓QM k, energy ⑀ h ͑k͔͒, in a phonon background ͓QM q, energy ͑q͔͒ in thermal equilibrium at temperature T. The distribution functions are normalized in such a way that the concentrations and the energy densities are given by n ␣ ͑x,t͒ = ͵ f ␣ ͑p,x,t͒2 dp, E ␣ ͑x,t͒ = ͵ f ␣ ͑p,x,t͒⑀ ␣ ͑p͒2 dp ͑1͒ ͑␣ = e , h͒, respectively ͑the factor 2 inside these integrals accounts for degeneracy͒. Interaction mechanisms to be taken into account are the following:
͑i͒
Absorption and emission of a phonon by a CB electron, ͑ii͒ Absorption and emission of a phonon by a hole, ͑iii͒ Auger recombination/generation.
All processes are assumed to satisfy microreversibility and to fulfill their specific laws of transformation between pre-and post-collision momenta and energies. For the sake of generality, all types of particles are allowed to obey a given statistics, defined by a pair of suitable smooth functions ͑ ␣ , ␣ ͒, ␣ = e , h, describing saturation or enhancement effects in the departure/arrival state, respectively. These functions depend on the relevant distribution functions, and appear in the collision terms given below, in the gain and loss terms. Specifically, fermions are characterized by the option ␣ ͑f ␣ ͒ = f ␣ , ␣ ͑f ␣ ͒ =1− f ␣ , whereas the choice underlying the Bose-Einstein statistics would be
Other expressions ͑generalized or fractional statistics͒ have been found recently to be in order for nonextensive systems with nonadditive entropies, 11, 12 occurring for instance in electronic plasmas, anomalous diffusion, galaxy clusters, long-range memory effects. Quantities like e ͓f e ͑p͔͒ will be written as e ͑p͒ for brevity. By following Ref. 7 , we assume that ␣ / ␣ is monotonically increasing as a function of f ␣ , as it occurs in all physical situations of interest. Phonons belong to the various branches g of the phonon spectrum, and their statistics is defined by the pair of functions ⌽ g and ⌿ g , functions of the distribution function f g . Their equilibrium distribution f g * ͑a star is meant to label equilibria throughout͒ is defined by
For simplicity, only the space homogeneous version of the kinetic equations will be considered here, and dependence on t will not be explicitly shown, unless strictly necessary. Taking into account the processes in which a specific species may be gained or lost, the kinetic equations read as
where subscripts ␣p and A are used to label interactions with phonons and Auger effect, respectively. Like in Ref. 9 the collision terms relevant to phonons read as
where the kernels G are given by
in terms of the transition probabilities V. The latter must be understood in the sense of distributions, and account for momentum and energy balance. More precisely,
where ␦ denotes Dirac's delta measure, b is a suitable vector of the reciprocal lattice, and V ␣p g are positive smooth functions. Of course, delta functions are used to mean that integrations in ͑4͒ actually range only on the appropriate two-dimensional manifolds of the whole six-dimensional domain.
In a similar fashion the Auger contributions can be written as
A ͑k,p 1 ,p 2 ;p͒dk dp 1 dp 2 − 2 ͵͵͵ G e A ͑k,p,p 2 ;p 1 ͒dk dp 1 dp 2
A ͑k,p 1 ,p 2 ;p͒dp dp 1 dp 2 , ͑8͒ 
where b ␣ are appropriate vectors in the reciprocal lattice and W and U are smooth positive functions. Again, delta functions mean that ninefold integrations in ͑7͒ and ͑8͒ actually collapse to fivefold.
As usual in kinetic theory, the weak form of the kinetic equations ͑3͒ is essential for any further development. So, take a string of two smooth test functions ͑␥ e ͑p͒ , ␥ h ͑k͒͒ and multiply each of them by the corresponding collision operator appearing in ͑3͒. Then integrate each pair with respect to the relevant kinetic variable and sum them up ͑after multiplication by 2 because of degeneracy͒, to get, as usual, a functional F͑␥ e , ␥ h ͒.
It is possible to prove, after suitable rearrangement and some algebra, not reported here since they follow closely similar steps in Ref. 9, the following important result. ;p͓͒␥ e ͑p͒ − ␥ h ͑k͒ − ␥ e ͑p 1 ͒ − ␥ e ͑p 2 ͔͒dk dp dp 1 dp 2
g ͑pЈ,q;p͓͒␥ ␣ ͑pЈ͒ − ␥ ␣ ͑p͔͒dq dp dpЈ. ͑11͒
From a physical point of view, F represents the net production by collision of the molecular property defined by the string ͕␥ ␣ ͖. Collision invariants are determined by the condition of remaining constant through all possible collisions, and make then the functional F vanish. It is easily seen that this amounts to requiring that indeed all square brackets in ͑11͒ vanish identically with respect to their independent variables. Such a strong constraint implies immediately that both ␥ ␣ must be constant, and that they must take opposite values. Since the space of these invariants is linear, we can conclude that it is one dimensional, and the unique independent collision invariant may be chosen as the string ͑−1,1͒, representing electric charge. Notice that energy, namely the string ͑⑀ e ͑p͒ , ⑀ h ͑k͒͒, would be conserved by the Auger collision integrals ͓first two addends in ͑11͔͒, thanks to the ␦ functions present in ͑10͒. It is clear that it cannot be conserved in the whole process, since it is actually exchanged with the lattice. In conclusion we may state the following.
Proposition 2: Collision invariants constitute a one-dimensional linear space, exhausted by the strings of test functions proportional to
representing ͑dimensionless͒ electric charge.
III. EQUILIBRIUM AND STABILITY
The structure of ͑11͒ suggests that it is useful to introduce a new functional D as a suitable specialization of F, ͑p͒ dk dp dp 1 dp 2
␣ ͑p͒ ␣ ͑pЈ͒⌽ g * ͑q͒ dq dp dpЈ. ͑14͒
In each logarithmic function of ͑14͒ numerator and denominator are exactly the two addends that are subtracted in the square brackets of the corresponding kernels G e A , G h A , and G ␣p g , respectively, as given by ͑9͒ and ͑5͒. Therefore, once the integrations are restricted to lower dimensional smooth integrals by the delta measures, the usual convexity arguments of kinetic theory may be applied. In particular, all addends making up D turn out to be nonpositive and therefore D is definite in sign. Moreover, it vanishes if and only if all integrals in ͑14͒ vanish, and, since ͑1 − x͒ln x ഛ 0 with equal sign only for x = 1, this occurs if and only if all arguments of the logarithmic functions are unity. In other words we have a sort of Boltzmann lemma. 
for all admissible values of the independent variables in each of the relevant collisions. But now it is clear from ͑14͒ and from Proposition 3 that D = 0 implies ͑and then is equivalent to͒ vanishing of the whole collision operator in ͑3͒. On the other hand, ͑15͒ may be reformulated in terms of logarithms and, bearing in mind ͑9͒, ͑5͒, and ͑2͒, this shows that the string
must be a collision invariant. We may state then a detailed balance principle. Proposition 4: The collision equilibrium condition,
for all admissible distribution functions, is equivalent to the requirement that (16) be a collision invariant. At this point, Proposition 2 applies, which means that there is exactly one one-parameter family of equilibria, given by ln e
for all real . Solvability of the transcendental equations ͑18͒ is discussed in Ref. 9 . Notice that, in terms of the chemical potentials ␣ , 5 equilibrium is characterized by
Concerning stability of the above equilibria, it is possible to establish an H theorem, again along the lines of kinetic theory. Introduce the functional
where
Notice that in our assumptions all H ␣ are convex functions of their argument because of the monotonicity assumption on the ratios ␣ / ␣ . The additional integral in ͑20͒ is due to the fact that our system is not closed, but interacts with the background lattice. We can then prove the H theorem.
Proposition 5: H is a strict Lyapunov functional for the initial value problem (3).
For a sketch of the proof, which goes along the same lines as in Ref. 9 , we first remark that, following a solution of ͑3͒, the time derivative of H coincides exactly with D, and therefore it has the required definiteness in sign. Then, the conclusion follows by usual convexity arguments provided we are able to show that
and it is not difficult to verify that this is true thanks to the expressions of ͑ln͑ ␣ / ␣ ͒͒ * and to charge conservation ͑see Proposition 2͒.
IV. RECOMBINATION/GENERATION RATE
In kinetic theory it is appropriate to introduce a convenient scaling in Eq. ͑3͒, also in order to derive, by a suitable asymptotic procedure, macroscopic equations at a hydrodynamic level. In our case, the most significant macroscopic quantity needed for practical applications is the Auger recombination/generation rate. 5 We shall deduce a formula for such a rate in a very simple way from the kinetic level as a suitable asymptotic limit. We perform our scaling according to the fact that the microscopic relaxation times of the considered interaction mechanisms are typically much shorter than the pertinent macroscopic time. Upon adimensionalization, this leads to the appearance of a small parameter , ratio of the two time scales ͑the Knudsen number͒, downstairs in front of the collision terms, making the initial value problem of singular perturbation type. The limiting form when → 0 of the evolution equations ͑3͒ are just the equilibrium equations ͑17͒. If we then restrict ourselves to the low density limit of Gibbsian statistics ␣ ͑f ␣ ͒ = f ␣ and ␣ ͑f ␣ ͒ = 1, the limiting solution is the Maxwellian-type equilibrium, f e * ͑p͒ = expͩ − ⑀ e ͑p͒ T ͪ=n e M e ͑p͒, f h
where the normalized shape functions M ␣ are M e ͑p͒ = exp͑− ⑀ e ͑p͒/T͒ ͵ exp͑− ⑀ e ͑p͒/T͒dp
͑24͒
By multiplying the two equilibrium distributions in ͑23͒ and integrating then over both momenta p and k, we see that the chemical equilibrium condition e * + h * = 0 may be cast as n e * n h
͑where K is an intrinsic constant depending only on the energy functions ⑀ and on the lattice temperature͒ which can be regarded as a sort of mass action law. For the general evolution problem, we see that, from Proposition 2, the only macroscopic conservation equation which is in order for ͑3͒ is charge conservation, obtained after integration over the kinetic variables and subtraction, which reads as
where B is a constant depending only on initial conditions. The only equilibrium which is compatible with given initial conditions is then easily obtained by combining Eqs. ͑25͒ and ͑26͒, which leads to
, n h
.
͑27͒
The most important physical information is constituted by the evolution equations for densities, which are obtained instead by simple separate integrations of ͑3͒. They are of course exact but not closed, and the simplest hydrodynamic closure is represented by the relevant Euler equations, zero order approximation of any asymptotic technique, which may be deduced by approximating the distribution functions appearing in the collision terms by the equilibria ͑23͒. We get in this way ṅ e = ṅ h = − A 21 n e 2 n h + A 10 n e − A 12 n e n h 2 + A 01 n h , ͑28͒
where A 21 = ͵͵͵͵ W͑k,p 1 ,p 2 ;p͒M h ͑k͒M e ͑p 1 ͒M e ͑p 2 ͒dk dp 1 dp 2 dp, A 10 = ͵͵͵͵ W͑k,p 1 ,p 2 ;p͒M e ͑p͒dk dp 1 dp 2 dp,
͑29͒
A 12 = ͵͵͵͵ U͑p,k 1 ,k 2 ;k͒M e ͑p͒M h ͑k 1 ͒M h ͑k 2 ͒dk dk 1 dk 2 dp, A 01 = ͵͵͵͵ U͑p,k 1 ,k 2 ;k͒M h ͑k͒dk dk 1 dk 2 dp.
Making explicit use of ͑24͒ and ͑25͒, we can write now A 21 K ͵ exp͑− ⑀ e ͑p͒/T͒dp = ͵͵͵͵ W͑k,p 1 ,p 2 ;p͒exp͓− ͑⑀ h ͑k͒ + ⑀ e ͑p 1 ͒ + ⑀ e ͑p 2 ͒͒/T͔dk dp 1 dp 2 dp, A 10 ͵ exp͑− ⑀ e ͑p͒/T͒dp = ͵͵͵͵ W͑k,p 1 ,p 2 ;p͒exp͑− ͑⑀ e ͑p͒/T͒dk dp 1 dp 2 dp, ͑30͒
and similarly for A 12 and A 01 . Then, thanks to energy conservation in the Auger effect, accounted for by the ␦ functions in W and U, we finally end up with A 10 = KA 21 , A 01 = KA 12 .
͑31͒
In conclusion, the macroscopic Auger generation/recombination rate 5 ṅ e = ṅ h = − ͑C e n e + C h n h ͒͑n e n h − C i 2 ͒ ͑ 32͒
is recovered, as first approximation deduced from kinetic theory, by putting together ͑28͒ and ͑31͒, with specification of coefficients as C i 2 = K, C e = A 21 , and C h = A 12 .
